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UNIQUE CONTINUATION FOR QUASIMODES ON SURFACES 

OF REVOLUTION: ROTATIONALLY INVARIANT 

NEIGHBOURHOODS 

HANS CHRISTIANSON 



Abstract. We prove a strong conditional unique continuation estimate for 
irreducible quasimodes in rotationally invariant neighbourhoods on compact 
surfaces of revolution. The estimate states that Laplace quasimodes which 
cannot be decomposed as a sum of other quasimodes have L^ mass bounded 
below by C^X~^~'' for any e > on any open rotationally invariant neigh- 
bourhood which meets the semiclassical wavefront set of the quasimode. For 
an analytic manifold, we conclude the same estimate with a lower bound of 
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for some fixed 5 > 0. 



1. Introduction 

We consider a compact periodic surface of revolution X ^ §>]. x §1, equipped 
with a metric of the form 

ds^ =dx^ +A'^{x)d0^, 

where A E C°° is a smooth function, A ^ e > 0. Our analysis is microlocal, so 
applies also to any compact surface of revolution with no boundary, and to certain 
surfaces of revolution with boundary under mild assumptions, however we will 
concentrate on the toral case for ease of exposition. 
From such a metric, we get the volume form 

dVol = A{x)dxde, 

and the Laplace-Beltrami operator acting on 0-forms 

Af = idl + A-'dl + A-^A'd,)f. 

We are concerned with quasimodes, which are the building blocks from which 
eigenfunctions are made, however we need to define the most basic kind of quasi- 
modes, which we will call irreducible quasimodes, meaning the quasimodes which 
cannot be decomposed as a sum of two or more nontrivial quasimodes. In order to 
make our definitions, we recall first that the geodesic flow on T*X is the Hamilton- 
ian system associated to the principal symbol of the Laplace-Beltrami operator; 

Pix,^,0,r,)=e + A~\x)v^. 



A fixed energy level p — const, consists of all the geodesies of that constant "speed" . 
For the case of the geodesic Hamiltonian system on T*X , there are two conserved 
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Figure 1 . The reduced phase space of a toral surface of revolu- 
tion with many periodic latitudinal geodesies. 



quantities, the total energy and the angular momentum rf. The moment m,ap is 
the map sending points of T*X to their associated conserved quantities, that is 



e 






When the gradient of M has rank 2, then M defines a submersion, so each con- 
nected component of the preimage is a 2-manifold. Points in T*X where M has 
rank 1 or are called critical points, and points {P, Q) G M^ such that {M = (P, Q)} 
contains critical points are called critical values. Critical points correspond to lati- 
tudinal periodic geodesies, which can also carry quasimode mass, and critical values 
have preimages which may have infinitely many latitudinal periodic geodesies. The 
semiclassical wavefront set is always a closed invariant subset of the energy surface, 
so our definition of irreducible quasimode will be one which has wavefront mass 
confined to the closure of one of these two kinds of sets, distinguished by rank of 
M. 

Definition 1.1. An irreducible quasimode is a quasimode whose semiclassical wave- 
front set is contained in the closure of a single connected component in T*X where 
the moment map has constant rank. 

We also will require a limit on the geodesic complexity by assuming there are only 
a finite number of connected regions of latitudinal periodic geodesies. This will not 
preclude having infinitely many periodic latitudinal geodesies, but merely having 
accumulation points of connected components of latitudinal geodesies. We therefore 
will assume that the moment map has a finite number of critical values, each of 
which has a preimage of finitely many non-empty connected components. Note this 
allows intervals of latitudinal periodic geodesies, but does not allow accumulation 
of such sets. For an example, see Figure [TJ 

Finally, we will require a certain 0-Gevrey regularity on the manifold, which 
in a sense says our manifold is not too far from being analytic. Such a 0-Gevrey 
assumption nevertheless allows for non-trivial functions which are constant on in- 
tervals, so this is a very general class of manifolds. Of course this includes analytic 
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manifolds, for which we have a stronger estimate. See Subsection [2TT] for the precise 
definitions. 

Theorem 1. Let X be as above, for a generating curve in the 0-Gevrey class 
A{x) e 0^(M) for some r < oo. Assume the moment map has finitely many critical 
values, with preimages consisting of finitely many connected components. Suppose 
u is a (weak) irreducible quasimode satisfying \\u\\ = 1 and 

for some fixed /3o > 0. Let fl C X he a rotationally invariant neighhournood, 
il — {a,b)x X Sg. Then either 

(1) 

|!u|U.(,,) = o(A-°°), 

or 
(2) for any e > 0, there exists C = Ccsi,i3o > such that 

(1-1) hiU2(^) ^ CA-l-^ 

Remark 1.2. The proof will show that a more or less straightforward commuta- 
tor/contradiction argument gives a lower bound of A^^"'^". The difficulty comes in 
trying to beat this lower bound. 

In the analytic category, we have a significant improvement. Of course in the 
case of an analytic manifold, there can be no infinitely degenerate critical elements, 
nor can there be any accumulation points of sets of latitudinal periodic geodesies, 
so we do not need to make the assumption about finite geodesic complexity. 

Corollary 1.3. Let X he as above, and assume X is analytic. Suppose u is a 
(weak) irreducible quasimode satisfying \\u\\ ~ 1 and 

(-A-A2)w = 0(1). 

Then for any open rotationally invariant neighbourhood ^ (Z X , either 

(1) 

lkllL^(n)-0(A-°°), 

or 

(2) there exists a fixed (5 > and a constant C = Co > such that 

\\u\\L-in)-^C\-'+'. 

Remark 1.4. The assumption that fi C X is a rotationally invariant neighbour- 
hood of the form J7 = (a, h)x x Sg is necessary for this level of generality. To see 
this, consider the case where X has part of a 2-sphere embedded in it. Then there 
are many periodic geodesies close to the latitudinal one. But these geodesies can 
be rotated in 9 without changing the angular momentum. Each one of these is 
elliptic and can carry a Gaussian beam type quasimode. Hence one can create 
an irreducible quasimode as a superposition of these Gaussian beams. The result- 
ing "band" of quasimodes need not have nontrivial mass except in a rotationally 
invariant neighbourhood. See Figure [2] 

2. Preliminaries 

In this section we review some of the definitions and preliminary computations 
necessary for Theorem [TJ as well as recall the spectral estimates we will be using. 



HANS CHRISTIANSON 



Figure 2. A surface of revolution with a piece of S^ embedded. 
Also sketched are two "isoenergetic" periodic geodesies which are 
9 rotations of each other. One can construct pathological quasi- 
modes which are continuous, compactly supported superpositions 
of isoenergetic quasimodes associated to such geodesies. 



2.1. The 0-Gevrey class of functions. For this paper, we use the following 0- 
Gevrey classes of functions with respect to order of vanishing, introduced in |Chrl3) . 

Definition 2.1. For ^ r < oo, let 5^(1^) be the set of all smooth functions 
/ : M — > M such that, for each xq € M. there exists a neighbourhood U 3 xq and a 
constant C such that, for all ^ s ^ /c, 

\d'jix) - a,^/(xo)| «; C{klf\x - xor^'^-'^d^Jix) - d^Jixo)l x^xo in U. 

This definition says that the order of vanishing of derivatives of a function is 
only polynomially worse than that of lower derivatives. Every analytic function is 
in one of the 0-Gcvrey classes 5^ for some r < oo, but many more functions are as 
well. For example, the function 

., , I exp(-l/a:P), for x > 0, 
^ ' 1 0, for a; ==; 



is in Gp+i, but 



., , I exp(-exp(l/x)), for a: > 0, 
^ ^ I 0, for 2: s; 



is not in any 0-Gevrey class for finite r. 

2.2. Conjugation to a flat problem. We observe that we can conjugate A by 
an isomctry of metric spaces and separate variables so that spectral analysis of A 
is equivalent to a one-variable semiclassical problem with potential. That is, let 
T : L'^{X, rfVol) -^ L2(X, dxde) be the isometry given by 

Tu{x,e) = A^/^{x)u{x,e). 

Then A = TAT~^ is essentially self-adjoint on L^{X,dxd6). A simple calculation 
gives 

-Af = i-dl - A-'{x)d^, +V^{x))f, 
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where the potential 



If we now separate variables and write ijj{x, 6) = ^^, Lpti{x)e^''^ , we see that 



where 



Pk^x) = ( -^ + eA-^{x) + Vi{x) - X^ ] ^k{x). 



Setting /i = |fc| ^ and rcscaling, we have the semiclassical operator 

(2.1) P{z, hMx) = i-h^^ + Vix) - zMx), 

where the potential is 

V{x)^A-\x)+h^Vi{x) 

and the spectral parameter is z = h^X^. In Section [3]we will at first let h = A^^ 
be our semiclassical parameter for the whole quasimode, but then switch to h = 
|fc|~^ to estimate the parts of the quasimode microsupported where the critical 
elements are located. The relevant microlocal estimates near critical elements are 
summarized in the following Subsection. 

2.3. Spectral estimates for weakly unstable critical sets. In this subsection 
we summarize the spectral estimates we will use for weakly unstable critical ele- 
ments obtained in |Chr07l[ChFT0llChrlll[CWTniCM13l[Ch?T3] . 

Definition 2.2. Let (P, Q) be a critical value of the moment map. Then there 
arc points in M~^{P, Q) where the moment map has rank 1 (or 0, but these points 
are easy to handle (see below)). For these points, there are latitudinal periodic 
geodesies. If the principal part of the potential, A~'^{x), for the reduced Hamil- 
tonian ^^ + A~'^{x) has an "honest" minimum at a;o in the sense that if [a,b] is 
the maximal closed interval containing xo with A~'^{x) — A~'^{xo) on it, then 
{A~'^y < for x < a in some small neighbourhood, and {A~'^y > for x > & in 
some other small neighbourhood, then we say this critical element is weakly stable. 
In all other cases, we say the critical element is weakly unstable. 

In the following subsections, we review the microlocal estimates from |Chrl3j 
for weakly unstable critical elements. Taken together, they imply the following 
theorem. 

Theorem 2. Let A he a weakly unstable critical element in the reduced phase space 
T*Sl., and assume u has h-wavefront set sufficiently close A. Then for any e > 0, 
there exists C — C^ such that 

\\u\\ i^Ch-^-'\\{{hDf + V{x) - z)u\\, 

for any z £ R. 
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2.3.1. Unstable nondegenerate critical elements. A nondegenerate unstable critical 
element exists where the principal part of the potential Vo(a;) = A^'^(x) has a 
nondegenerate maximum. To say that x = is a nondegenerate maximum means 
that a; = is a critical point of Vo{x) satisfying Vq{0) = 0, Vq{0) < 0. 

The following result as stated can be read off from jChrOTllChrllj . and has 
also been studied in slightly different contexts in |CdVP94a|FCdVP94bj and |BZ04j . 
amongst many others. 

Lemma 2.3. Suppose x = is a nondegenerate local maximum of the principal 
part of the potential Vq, Vo(0) = 1. For e > sufficiently small, let ip G iS(T*R) 
have compact support in {\{x,^)\ ^ e}. Then there exists C^ > such that 

(2.2) ||p(^,/,)^-y||^c,j^^^|i^-«||, ze[l-e,l + e]. 

Remark 2.4. This estimate is known to be sharp, in the sense that the logarithmic 
loss cannot be improved (see, for example, }CdVP94a] ). 

2.3.2. Unstable finitely degenerate critical elements. In this subsection, we consider 
an isolated critical point at an unstable but finitely degenerate maximum. That 
is, we now assume that a; = is a degenerate maximum for the function ^0(2;) = 
A~'^{x) of order m ^ 2. If we again assume Vb(0) = 1, then this means that near 
a; = 0, Vo{x) ~ 1 — x^'". Critical points of this form were first studied in [CWllj . 

This Lemma and the proof are given in |CW11[ Lemma 2.3]. 

Lemma 2.5. For e > sufficiently small, let tp e S{T*M) have compact support 
in {|(x,^)| ^ e}. Then there exists C^ > such that 

(2.3) ||P(z,/i)</7"'u|| ^C,/i2"A™+i)||(^-u||, ze[l-e,l + e]. 

Remark 2.6. This estimate is known to be sharp, in the sense that the exponent 
2ni/{m.+ 1) cannot be improved (see }CW11| ). 

2.3.3. Finitely degenerate inflection transmission critical elements. We next study 
the case when the principal part of the potential has an inflection point of finitely 
degenerate type. That is, let us assume the point a; = 1 is a finitely degenerate 
inflection point, so that locally near x = 1, the potential Vo{x) = A~'^{x) takes the 
form 

Fo(x) - Cf 1 - C2ix - 1)2™^ + !, TO2 > 1 

where Ci > 1 and C2 > 0. Of course the constants are arbitrary (chosen to agree 
with those in |CM13| ). and C2 could be negative without changing much of the 
analysis. This Lemma and the proof are in |CM13| . 

Lemma 2.7. For e > sufficiently small, let ip G iS(r*M) have compact support 
in {|(a; — 1,01 ^ ^}- Then there exists Cg > such that 

(2.4) \\P{z,h)ip'"u\\ ^ C,/i(''"^+2)/(2™^+3)||(^^"w||, z e [Cfi -e,Cfi +e]. 

Remark 2.8. This estimate is also known to be sharp in the sense that the expo- 
nent (47712 + 2)/(27Ti2 + 3) cannot be improved (see JCM13J ). 
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2.3.4. Unstable infinitely degenerate and cylindrical critical elements. In this sub- 
section, we study the case where the principal part of the potential V{x) = A^'^{x) + 
h'^Vi{x) has an infinitely degenerate maximum, say, at the point x — 0. Let 
Vb(x) = A~^{x). As usual, we again assume that Vb(0) = 1, so that 

Vo{x) ^ I - 0{x^) 

in a neighbourhood of x = 0. Of course this is not very precise, as Vq could be 
constant in a neighbourhood of a; = and still satisfy this. So let us first assume 
that Vb(0) = 1, and Vq{x) vanishes to infinite order at x = 0, however, ±Vq{x) < 
for ±x > 0. That is, the critical point at x = is infinitely degenerate but isolated. 

Lemma 2.9. For e > sufficiently small, let Lp 6 iS(r*R) have compact support 
in {|(x,^)| Sj e}. Then for any rj > 0, there exists C^^ri > such that 

(2.5) \\P{z,h)ip'"u\\^C,^r,h''+''''\\v'^u\l ze[l-e,l + e]. 

For our next result, we consider the case where there is a whole interval at 
a local maximum value. That is, we assume the principal part of the effective 
potential Vo(x) has a maximum Vq{x) = 1 on an interval, say x £ [—a, a], and that 
±l/o'(x) < for ±x > a in some neighbourhood. 

Lemma 2.10. For e > sufficiently small, let ip e S{T*W) have compact support 
in {\x\ ^ a + e, 1^1 ^ e}. Then for any rj > 0, there exists C^.tj > such that 

(2.6) ||F(z,/i)^'"«||^C,,„/i2+''||^-u||, ze[l-e,l + e]. 

2.3.5. Infinitely degenerate and cylindrical inflection transmission critical elements. 
In this subsection, we assume the effective potential has a critical element of in- 
finitely degenerate or cylindrical inflection transmission type. This is very similar 
to Subsection 12.3.41 but now the potential is assumed to be monotonic in a neigh- 
bourhood of the critical value. 

We begin with the case where the potential has an isolated infinitely degenerate 
critical point of inflection transmission type. As in the previous subsection, we 
write V{x) = A~^{x) + h'^Vi{x) and denote Vo{x) = A~^{x) to be the principal 
part of the potential. Let us assume the point x = 1 is an infinitely degenerate 
inflection point, so that locally near x = 1, the potential takes the form 

vb(x)^cri-(x-i)°°, 

where Ci > 1. Of course the constant is arbitrary (chosen to again agree with 
those in |CM13j ). Let us assume that our potential satisfies Vq{x) ^ near x = 1, 
with Vq{x) < for x ^ 1 in some neighbourhood so that the critical point x = 1 is 
isolated. 

Lemma 2.11. For e > sufficiently small, let ip G iS(r*M) have compact support 
in {|(x — 1,^)1 ^ e}. Then for any ?7 > 0, there exists C ~ Ce,,, > such that 

(2.7) \\Piz,h)^'^u\\^C,h^+"y^ul ze[C^^~e,C{^+e]. 

On the other hand, if Vq{x) = on an interval, say x— 1 G [—a, a] with Vq{x) < 
for X — 1 < —a and x — 1 > a, we do not expect anything better than Lemma 12.111 
The next lemma says that this is exactly what we do get. To fix an energy level, 
assume Vq = C^^ on [—a, a]. 
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Lemma 2.12. For e > sufficiently small, let ip G iS(r*M) have compact support 
m {|a; — 1| ^ a + e, /, 1^1 ^ e}. Then for any rj > 0, there exists C = Ce,ri > such 
that 

(2.8) \\P{z,h)^^u\\ ^ Ch'+'^y^ul z e [Cf^ -e,Cri +e]. 



3. Proof of Theorem [T] and Corollary 11.31 

Recall the conjugated Laplacian is 

-A = -dl - A-^{x)dl + Vi{x), 

where Vi{x) has been computed above. We will do some analysis and reductions 
now before separating variables. If we are considering quasimodes 

(-a-a2)u = £;(a)||u||, 

where 

E{X)^0{\-'^°) 
for some /3o > 0, then wc begin by rcscaling. Set h = A^^ so that 

{-It'dl - h^A-'^{x)dl + It'Vxix) - l)u = E{h)\\u\\, 

where E{h) = K^EiJi"^) = 0{h?+P°). With ^,77 the dual variables to x.O as usual, 
the semiclassical symbol of this operator is 

p = e' + A-^{x)Tf + /iVi(x) - 1, 

and the semiclassical principal symbol is 

p^ ^ e + A-Hxw - 1. 

It is worthwhile to point out that at this point our semiclassical parameter is h — 
\~^ . After separating variables later in the proof, we will let h = |fc|~^, where k is 
the angular momentum parameter. However, in the regime where we so take /i, |fc| 
and A will be comparable, so it is merely a choice of convenience. 

It is important to keep in mind for the remainder of this paper what the various 
parameters represent. Here, the variable r^ represents hDg. As we will eventually 
be decomposing in Fourier modes in the 6 direction, this means that the variable t] 
takes values in /iZ. 

We next record that a standard /i-parametrix argument tells us that any quasi- 
mode is concentrated on the energy surface where {po = 0}. The proof is standard. 

Lemma 3.1. Suppose u satisfies 

{-h^dl - h^A-^{x)dl + h^Vi{x) - l)u = E{h)\\u\\, 

where E{h) ^ h'^E{h-^) = 0{h'^+'^°), and T e S° satisfies T = 1 in a small fixed 
neighbourhood of {po = 0}. Then 

(i-r'^> = C'(/i2+'9o). 

Hence we will restrict our attention to the characteristic surface where {pq = 0}. 
Using our moment map idea, we know that rj is invariant under the classical flow. 
Hence if 77 is very large, our operator will be elliptic, while if 77 is very small, the 
parameter ^ will be bounded away from zero, and hence we will have uniform 
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propagation estimates. Let us make this more precise. Let Aq = imn{A{x)) and 
Ai = max(A(x)), and let 

1 ='0o(f?) +-ipi{v) +^2{ti) 
be a partition of unity satisfying 

V-o-londr/psclA^i 

with support in {|r/p s^ jAl); 

^-2 = 1 on {|?7|2 ^ 2^2} 
with support in {jjyp ^ f^iJ"- Then, on supp^/iQ, we have 

3 



and on supp ■02 , we have 



^^A-\x)^^fA-,^^^^ 



r^^A-\x) ^ r^^Al' ^ \. 



Now for our quasimodc u, write 

u = uo + ui + U2 + U3 := V'i^F^'m + V'^r'^u + v^^r^'u + (1 - r">. 

Since /iZ3e commutes with —A and wc can choose F = r(po) so that [pQ,r"'] — 
0{h^), each of these Uj arc also quasimodcs of the same order as u (but of course 
may have small or even trivial L^ mass). 

3.0.6. Estimation of uq. Observe that on the support of V'Oi since 77 is invariant, we 
have l^p ^ 1/4 — 0{h^), which means the propagation speed in the x-direction is 
bounded below. We claim this implies 

II"o||l2, S$ Co||-Uo|lL2([a,fc],xSs) 

for some Cq > 0. In other words, uq is uniformly distributed in the sense that the 
mass cannot be vanishing in h on any set. 

The claim follows by propagation of singularities. The standard propagation 
of singularities result applies whenever the classical flow propagates singularities 
from one region to another in phase space. Since we are analyzing the region where 
^ 7^ 0, we have uniform propagation in the x direction. A general statement is given 
in the following Lemma (a refinement of Hormander's original result IHor71j ). For 
a proof in this context, see, for example, [Chr071 Lemma 6.1] and [BZ041 Lemma 
4.1]. 

Lemma 3.2. Suppose Vq (s T*X, p is a symbol, T > 0, A an operator, and 
V <E T*X a neighbourhood of ^ satisfying 

{Vp e {Po^{0)} \V, 30<t<T ande = ±l such that 
exp{esHp„){p) C {PoHO)} \V forO<s<t, and 
exp(etHpJ(p) G Vo; 

1 
and A is microlocally elliptic in Vq x Vq. If B e 'i°'°{X,il,^) and WFh{B) C 

T*X \ V, then 

(3.2) \\Bu\\ ^ C {h-^ \\Pu\\ + \\Au\\) + 0{h°°)\\u\\. 
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Fix two non-empty intervals in the x direction, (a, b) and (c, d) and assume 
u = uo \s L^ normalized. Now using that Pu = 0(/i^+^°)||m||, we have 

\\u\\L^(c.d)xS^ ^ Ch~'^\\Pu\\ + C2||w||L2((a,&)xSi) 

:^ C/i^+''''||w||l2(s1xS1) +C2||w||L2((a,6)xSi), 

for some C2 > 0. For h > sufficiently small, this implies if u has mass bounded 
below independent of h in any x neighbourhood (c, d), then 

ll^llL2((a,b)xSi) ^ c' > 

independent of h. Rescaling in terms of mq if wo is not normalized, we recover 

I|wo||l2((q,6)xS1) ^ c'lluol!- 

Since the interval (a, b) is arbitrary, we have shown that the i^-mass on any 
rotationally invariant neighbourhood is positive independent of h. Thus (jl.ip holds 
with a lower bound independent oi h = X~^ . 

3.0.7. Estimation of U2. On the other hand, on the support of 'ip2, we have the 
principal symbol satisfies 

bol ^ ^, 

so we claim that an elliptic argument shows 

\\u2\\L-=0{h°-)\\u2\\L-. 

That is, since \pq\ ^ i on support of ^2, there is an /i-paramctrix for P there: 
there exists Q such that 

QPij^ = 4'2+Oih°°), 
and further Q has bounded L^ norm. Hence 

\\u2\\ = \\QPu2\\+0{h°°)\\u2\\ 
^ C\\PU2\\ + Oih°-)\\u2\\ 
= 0{h^+P")\\u2\\. 

This implies U2 = 0{h^). 

3.0.8. Estimation ofui. In order to consider the final part ui, which is microsup- 
ported where all the critical points are, we will employ one further reduction. Since 
Ml is microsupported in a region where \r]\ is bounded between two constants, say, 
0-0 ^ 1^1 ^ oij and rj = hk for some integer fc, a priori the number of angular 
momenta k in the wavefront set of ui is comparable to h~^ . We can do better than 
that. Using the semiclassical calculus, we will next show that there exists k^ ^ "L 
such that for any e > 0, we have 

ui= Y. e'^^'^kix) + 0{h^)\\u^\\. 

That is, we claim that the Fourier decomposition of ui can actually only have 
0{h~'^) non-trivial modes. To prove this claim, fix /cq G Z and any e > 0, and 
choose a fci € Z satisfying 

\ki-ko\ ^/l-^ 

We will show that we can decompose ui into (at least) two pieces with disjoint mi- 
crosupport, one near hk^ and one near hki. Evidently, these two pieces correspond 
to different angular momenta 77, so have wavefront sets associated to different level 
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sets of the moment map. Of course, level sets sufficiently close (in an /i-dependent 
set) may contribute to a single irreducible quasimode, but the point is to quantify 
how far away from a single level set one needs to go before leaving the microsupport 
of an irreducible quasimode. 

In order to make this rigorous, let i]j = hkj for j = Q,l, and choose x(^) G Cj?°(M) 
satisfying 

x{r) = 1 for \r\ ^ 1, 
with support in {\r\ < 2}. For j — 0, 1, let 



Xjiv,h) =x 






As semiclassical symbols, the Xj are in a harmless ft,^/^ '^^^ calculus, and moreover 
they only depend on ry (not on 9) and commute with —A. On the support of each 
of the Xj I we have 



V - Vj 



l^l-e/2 



hk — hk-i 



/jl-e/2 






h-<^/^ 



^ 2. 



This implies 



\k-k^\ i^2h-'^^, 



so as /i — > 0+, xo and xi have disjoint supports. This means the functions Xi'^i 
and X2U1 have disjoint /i-wavefront sets, so they are almost orthgonal: 

{XiUi,X2Ui)^0{h°^). 

Hence if each of these functions has nontrivial L^ mass, then u was not an irreducible 
quasimode. 

Finally, we analyse the function ui, but spread over at most 0(/i^') Fourier 
modes. Throughout the remainder of this section, let A be large and fixed. Let us 
consider a single Fourier mode confined to a single angular momentum k. 

The case of ui is the most interesting case, as the microsupport of ui contains 
all of the critical elements. Now recalling again the separated equation (j2.1|) with 
the potential 

V{x) =:A-'^{x) + h^Vi{x), 
let Aq and Ai again be the min/max respectively of A(x). Our spectral parameter 
now is z = h^X^. We are localized where 

-Al ^ {X'^kf ^ 2Al, 



\^-' 



^ ^ z ^ 2A^^. 



This of course implies that A and k are comparable. Let (a, b) C §^ be a non-empty 
interval. We need to show that if u is a weak irreducible quasimode, 

{{hDf + V{x) - z)u = 0(/i2+/^«)||u||, 

with ||m|| = 1, then cither \\u\\L2^a.b) = 0{h°") = 0(A-°°), or ||M|U2(a.b) ^ CM+' 
for any e > 0. Let us assume that u is nontrivial so that ||w||^2(-£jj,) ^ ch'^ for some 
N. 

There are a number of subcases to consider here. We observe that, according to 
Lemma [321 we can always microlocalize further to a set close to the energy level 
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-A. 



a' b' 



P 



Figure 3. The function A ^(x) and the weakly unstable critical 
point /3. 



of interest. That is, for P{z, h) = {hDf + V{x) - z, if P(z, h)u = ©(/i^+A'), then 
if i^ir) e CjS^(M) satisfies -0 = 1 for r near 0, we have for any 5 > 

1^-((^2 ^ ^(^) _ ^y^^^ ^ ^ ^ 0(/i2+/3o). 

For the rest of this section, we write ■0"' for this energy cutoff. 

Case 1: 

Next, assume z is in a small neighbourhood of a critical energy level, and assume 
A' [x] ^ somewhere on (a, h). Then let (a', b') be a non-empty interval with 

(a',6')<^MV0}n(a,6), 

and let (q;',/3) D {a',b') be the maximal connected interval with A'(a;) ^ on 
(a',/3). Now A' has constant sign on {a',/3), so at least one of a' or /3 is part of a 
weakly unstable critical element (see Figure [3]). 

Without loss in generality, assume A' < on (a',/3) so that at least /3 lies in 
a weakly unstable critical element. That is, the principal part of the potential 
A~'^{x) increases as x — s- /3— , and takes the value, say A~'^{/3) — A2- Let (a,/3) 
be the maximal open interval containing (a',/3) where A~'^{x) < A2 on {a, (3). 
As A"2(x) < A~2(a) for x g {a, (3) and ^"^(a) = A2, we have (^"^(a;))' < 
for X £ {a, P) sufficiently close to a. That means that either a is part of a weakly 
unstable critical element, or A' [a) ^ 0. We break the analysis into the two separate 
subsubcases, beginning with A' {a) ^ 0. 

Case la: If A' {a) ^ 0, then the weakly unstable/stable manifolds associated to 
(A~2)'(/3) = are homoclinic to each other (see Figure|4|), and in particular, prop- 
agation of singularities can be used to control the mass along this whole trajectory, 
as long as we stay away from the right hand endpoint /3. That is, propagation of 
singularities implies for any 77 > independent of ft,. 

Hence by taking h > sufficiently small, we need to bound ||'0™'"llL2(a.;3-jj) from 
below in terms of ||w||. 

Let [/?, k] be the maximal connected interval containing /3 on which A' = Q (we 
allow K = /? if the critical point is isolated). Let x = 1 on [/3, k] with support 
in a small neighbourhood thereof, and let x = 1 on suppx with support in a 
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I 1 

Figure 4. If A'{a) ^ 0, the unstable manifold from /3 flows into 
the stable manifold at /? (homoclinicity) . The interval indicates a 
region with propagation speed uniformly bounded below. 



slightly smaller set so that (1 — x) ^ (1 ~ x) ^-^d (1 — x) ^ c|x'|- Then writing 
P{z, h) = {hDY + y - 2, we have from Theorem [2] (for any e > 0) 

\\u\\^\\xu\\ + \\{l-x)u\\ 

^C,h-^-'\\P{z,h)xu\\ + \\{l-x)u\\ 

^ C,h-^~^\\xP{z,h)u\\ + \\[P{z,h),x]u\\) + 11(1 - x)"|| 

< c'^ih^^-^M + h-^-^\\{i x)u\\) + 11(1 - x)"l| 

Rearranging and taking /i > sufficiently small and e < /Sq, we get 

(3.3) \\{l-x)u\\^C,h^+^\u\\. 

Now either the wavefront set of u is contained in the closure of the lift of (a, j3) 
or it isn't. In the latter case there is nothing to prove. In the former case, we 
conclude that u = 0{h'^) on any open subset whose closure does not meet the set 
[a, 13]. We appeal to propagation of singularities one more time. Since A' [a) ^ 0, 
propagation of singularities applies in a neighbourhood of a, so that (shrinking 
77 > if necessary) for some ci > 0, 

\\A\L^(a,P-r,) ^ Cl\\A\L^(a-i-i,l3-r,)- 

Since we have assumed u ~ 0{h°°) on (a — 77, /3 + ?/)^, this estimate, together with 
p.3p and (|3.2p allows us to conclude 

\\u\\mo.,p-.,)-^c\\{i-x)uW;^c,h^+'\\u\\. 

Case lb: Wc now consider the possibility that A' [a) = as well as A'{fi) = 
(see Figure [5]). In this case, propagation of singularities fails at both endpoints of 
(a, /3), so we can only conclude that for any 77 > independent of ft,, 

\ML^o.+n,p-r,) ^ C^{h-^\\{{hDf + V - Z)u\\ + \\u\\L2(a',b')- 

Hence now it sufflces to prove that for some rj > Q small but independent of h, 
we have the estimate 

\\u\\L'^(a+-n,l3~r,) ^ Cth^'^''\\u\\ 

for any e > 0. 

Let [/3, k] be the maximal connected interval containing j3 on which A' = 0, and 
let [u, a] be the maximal connected interval containing a on which A' = 0. Let 
X = 1 on [/3, k] U [w, a] with support in small neighbourhoods thereof, and let x = 1 
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Figure 5. If A' (a) = 0, the unstable manifold from /3 flows into 
the stable manifold at a and vice versa. The interval indicates a 
region with propagation speed uniformly bounded below. 



on suppx with support in a slightly smaller set so that (1 — x) ^ (1 ~ x) f-nd 
(1 — x) ^ c|x'|. Since both [oj,a] and [/3, k] are weakly unstable, we can apply 
Theorem [5] and the same argument as above to finish this case. 

Case 2: Finally, we assume (a, b) C {A' = 0}. Again, if A~^ = A^ on (a, b) and 
z ^ A3, we can use propagation of singularities to control ||u||l2(j, 5) from below by 
its mass on the connected component in {p = z} containing (a, b) (as in the case of 
Mo above) . Hence we are interested in the case where z is in a small neighbourhood 

of ^3- 

If u = 0{h°°) on (a, b) there is nothing to prove, so assume not. Then if [a, /3] D 
(a, 6) is the maximal connected interval where A~'^{x) = A3, the wavefront set of 
u is contained in a small neighbourhood of [a,/3], so that for (S > as small as we 
like by taking a sufficiently localized energy cutoff, we have 

\\u\\Lmc.-s,p+SY) = Osih°°). 
That means that, either 

l|M||L2([a,6]) ^ C > 0, \\u\\L2(^[c,-S,a]) ^ C > 0, Or \\u\\ L2([hJ3+S]) ^ O 0. 

If the first estimate is true, we're done, so assume without loss in generality that 
II''^IIl2([6,/3+(5]) ^ c > 0. Assume for contradiction that there exists eg > such 
that ||u||i2(af,) ^ Ch^~^'^°. Let x G C^ be a smooth function such that x = 1 on 
[b,l3 + S] with support in {a, (3 + 26). Write ii = x""- If [o^i/^] is a weakly stable 
critical element, modify A~^{x) on the support of 1 — x so that [a, /3] is weakly 
unstable. That is, if {A~'^{x)y < for a; < a in some neighbourhood, replace A 
with a locally defined function A satisfying A = A on suppx but {A^'^{x)y > 
for x < a in some neighbourhood. If [a, /3] is weakly unstable, then let A = A (see 
Figure [S] We apply Theorem [2] once again (for any e > 0): 

IIX^II ^ C,h-^-'\\{{hD)^ + i-2 + h2y^ _ ^)^^|| 

= C,h-^-'\\{{hDf + A-2 + h^Vi - z)xu\\ 

s^ C,h-^-'{\\P{z, h)u\\ + II [P(z, h),x]u\\) 

^ CUh^'>-^u\\ + /i-i-^||w|U.(,.b)) + 0{h°^), 

where the 0{h°°) error comes from the part of the commutator [P(z,/i),x] sup- 
ported outside a neighbourhood of [a, j3\ (the other part contributing the integral 
over (a, 6)). But our contradiction assumption implies that the right hand side is 
o(l) as /i — > provided e < eg- As ||x^*|| ^ c > 0, this is a contradiction. 
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Figure 6. The setup for Case 2. Here if the quasimode is smah 
in (a, 6), we cut off to the right of (a, h) and modify A^"^ to the left 
to be weakly unstable. We then arrive at a eontradiction. 



3.1. Finishing up the proof. We now put together the estimates of wq, ui , U2, U3. 
Since U3 = 0{h'^^^°) and M2 = 0{h°°), for /i > sufficiently small, at least one of 
Uq and Ml must have L^ mass bounded below independent of h. If Uq has L^ mass 
bounded below independent of h we're done by the propagation of singularities 
argument in Subsection 13.0.61 Hence we need to conclude Theorem [T] assuming uq 
is small and ui carries most of the L^ mass. 

Fix (a, b) as considered in Subsection l3.0.8l and recall we know that for any e > 

\k-ko\^h-' 

We use the notation il = {a, b)x x Sj as in the statement of Theorem [TJ Each ipk 
satisfies either 

hkWma.b) = oi\k\-n 

or for any e > 0, 

In the first case, these tpkS have disjoint wavefront sets from the (p^s in the latter 
case, so leaving them in the sum would mean our quasimode was not irreducible. 
Removing these from the sum and reindexing if necessary, we conclude 
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This concludes the proof of Theorem [TJ 
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